Abstract. We consider a smooth bracket-generating control-affine system in R d and show that any orientation-preserving diffeomorphism of R d can be approximated, in a very strong sense, by a diffeomorphism included in the flow generated by a time-varying feedback control which is polynomial with respect to the state variables and trigonometric-polynomial with respect to the time variable.
Introduction
We consider a control-affine systeṁ We can set u i = v i (q) and obtain a closed loop systeṁ
It is very interesting to know what kind of dynamics we can realize by an appropriate choice of the feedback control. Of course, a smooth or at least Lipschitz feedback is preferable if we want system (2) to correctly define a dynamical system. Unfortunately, we cannot expect too much. In particular, if f 0 = 0, then system (2) with a continuous feedback control cannot have locally asymptotically stable equilibria as it was observed by R. Brockett [2] .
J.-M. Coron suggested to use time-varying periodic with respect to time feedback controls
for system (1) and proved that asymptotic stability can be successfully achieved by a C ∞ time-varying feedback (see [4, 5] or [6, Sec. 11.2]). In this paper, we focus on the transformation q(0) → q (1) in virtue of the systemq
associated to the time-varying feedback control and demonstrate that practically any type of discrete-time dynamics can be realized in this way. More precisely, let Φ v : q(0) → q(1) be the transformation of R d which sends the initial value of any solution of system (3) to its value at t = 1. We denote by Diff 0 (R d ) the group of orientation-preserving diffeomorphisms of 
the subgroup of Diff(R d ) generated by flows of vector fields in F and by
the subgroup of Diff(R d ) generated by flows of vector fields in F rescaled by smooth functions on R d . We consider time-varying vector fields V t (q) on R d that are smooth with respect to q ∈ R d and locally integrable with respect to t ∈ R. All vector fields under consideration are supposed to satisfy the growth condition V t (q) ≤ ϕ(t) (1 + |q|) , where ϕ is a locally integrable function. This condition guarantees completeness of the vector field.
Given a time-varying vector field V t (q) on R d , let
be the (nonstationary) flow generated by the differential equationq = V t (q). In other words,
In the sequel, we will use the "chronological" notation
Recall that if F is a bracket-generating family of vector fields, then by the Rashevski-Chow theorem (see [3, 8] ), for every q 0 , the orbit O q0 of the family is the whole space R d ; moreover, according to the orbit theorem of Sussmann ( [9] or [1, Chap. 5]), any smooth vector field can be presented as a linear combination of vector fields from F transformed by diffeomorphisms from GrF. In particular, it is possible to take X 1 , . . . , X d linearly independent at a point q ∈ R d and such that
The main result proved in this paper is as follows. 
with controls u i such that: 
Proof is divided into four parts. In Sec. 2, we consider a bracketgenerating family of vector fields closed under multiplication by smooth functions on R d , say F, and then we prove that the group of diffeomorphisms generated by flows of vector fields in this family is dense in the connected component of the identity of the group of diffeomorphisms. In Sec. 3, we use the classical implicit-function theorem to prove that the N th jet of a diffeomorphism in Diff 0 (R d ) sufficiently close to the identity can be represented as the N th jet of an element in GrF. Then, using Proposition 2, we can extend this result to every diffeomorphism in Diff 0 (R d ). The results of Secs. 2 and 3 are combined together in Sec. 4 to prove that it is possible to find an element in the group GrF with the same N th jet of a given diffeomorphism and also close to it in the C ∞ -topology. This result, as showed in Sec. 5, implies the main result in the driftless case, namely f 0 ≡ 0, and with controls u i (t, ·) that are piecewise constant with respect to t. Therefore, we use the Brouwer fixed-point theorem to prove that it is possible to perturb the map
without losing surjectivity. This argument leads to the proof of the theorem.
An approximation result
We start with a simple modification of a standard relaxation result (see [1, Chap. 8] or [7] ). Its proof is done in the appendix for convenience of the reader. 
for any time-varying vector field of the form
V t = k i=1 a i (t, ·)X i , where a i (t, ·) ∈ A and 0 ≤ a i (t, q) ≤ ϕ(t) for some locally integrable ϕ, i = 1, . . . , k,
Proposition 2 (approximation). Let F ⊆ Vec R d be a bracketgenerating family of vector fields on
Proof. First, note that any orientation-preserving diffeomorphism of R d is isotopic to the identity. Indeed, let P be an orientation-preserving diffeomorphisms of R d . Without loss of generality, we can assume that P fixes the origin just taking the isotopy H 1 (t, ·) = P − (1 − t)P (0). Now, rename for simplicity P := H 1 (0, ·) and consider another isotopy
Since P preserves the orientation, H 2 (0, ·) belongs to the connected component of the identity of the group of linear invertible operators on
be a path such that P 0 = Id and P 1 = P . Consider the time-varying vector field
We have
Recall that, since F is bracket-generating family, it is possible to take
, and
where
and the convergence is uniform with respect to t ∈ [0, 1].
It remains to prove that P n ∈ GrF for every n. Since Z n t is piecewise constant in t, so, for any fixed n ∈ N, there exist disjoint segments I 1 , . . . , I hn covering [0, 1] and functions
and P n ∈ GrF by assumption (5).
In other words, we have proved that if F is a bracket-generating family of vector fields, then Gr S F is dense in the connected component of the identity of Diff(R d ) endowed with the standard C ∞ -topology.
Get the jet
In this section, given a bracket-generating family of vector fields F, we find a diffeomorphism in the group Gr S F whose N th jet is exactly the N th jet of a given diffeomorphism on R d . The main tool used is the classical implicit-function theorem. Consider the map
Proposition 3. Let F be a bracket-generating family of vector fields on
We want to prove that the implicit-function theorem can be applied. Let us calculate the differential of 
with f i j ∈ F. Therefore,
with g 1 , . . . , g ∈ F and = d + 2(s 1 + · · · + s d ). Therefore, P ∈ Gr S F and the proposition follows.
Now we consider an arbitrary diffeomorphism Φ ∈ Diff 0 (R d ). By Proposition 2, there exists a sequence {P n } n ⊂ Gr S F that tends to Φ. Thus, for sufficiently large n, the last proposition can be applied to P −1 n • Φ and we have the following result.
Corollary 4. Let F ⊆ Vec R d be a bracket-generating family of vector fields and N > 0 a positive integer. For every
Φ ∈ Diff 0 (R d ), there exists P ∈ Gr S F such that J N 0 (P ) = J N 0 (Φ).
Geometric statement of the main result
The purpose of this section is to link the results of the last two sections in order to find an element in the group Gr S F with the same N th jet of a given diffeomorphism and also close to it in the C ∞ -topology. 
Let X 1 , . . . , X d be a frame of vector fields linearly independent at 0 such that X i = Ad P i f i , P i ∈ GrF, and f i ∈ F. Therefore,
where Thus, if
in the standard topology. Now, for any n, we have that P n ∈ Gr S F for the chain of Eqs. (6). Moreover P n has trivial jet. Indeed, since the sequence Z n t is piecewise constant, there exist intervals
and the result is proved.
Main result
In this last section, we prove the main result using Proposition 5 and a fixed-point argument. We start giving an equivalent formulation of Proposition 5 in terms of flows of the system:
Assume that F = {f 1 , . . . , f m } is a bracket-generating family of vector field on R d . By Proposition 3, there exist smooth functions t, q) , . . . , u m (t, q) piecewise constant in t such that t, q) , . . . , u m (t, q) such that, if P is the flow at time 1 of system (12), then
It remains to prove the last result adding a drift f 0 to system (12). Moreover, we want to have a certain regularity for the controls. Both these results can be proved with a fixed point argument. Indeed, let U the space of m-tuples of controls u(t, q) piecewise constant in t and smooth with respect to q. Consider the map
This map is continuous and, by the last lemma, is also surjective. Moreover, F has a continuous right inverse. Indeed, there is a smooth correspondence between the time-varying feedback controls u 1 , . . . , u m and the functions a 1 , . . . , a k in (10). By the implicit-function theorem applied to the map F in (7), we have that the right inverse of F is continuous and so is the right inverse ofF .
In the next lemma we prove, using a fixed-point argument, that every small perturbation of a continuous surjective map with continuous right inverse and with finite-dimensional target space is also surjective. 
Proof. Let F −1 be the right inverse of F . We define, for everyȳ in
Thus, χȳ(B δ ) ⊆ B δ and, since the map χȳ is continuous, by the Brouwer fixed-point theorem, there existsỹ ∈ B δ such that χȳ(ỹ) =ỹ, namely,
We have proved that, for every y ∈ R n , there exists x ∈ X such that y = G(x). Now we can prove the main result. 
with controls u i such that: t, q) , . . . , u m (t, q) such that, if P is the flow at time 1 of system (14), then
Proof. The proof splits into three steps. First, we prove that it suffices to consider controls that are polynomials with respect to q ∈ R d , then we add the drift to the system, and finally we find controls that are trigonometric polynomials with respect to t by smoothing the time dependence of the piecewise constant controls.
Let us start with the first step and note that, as a consequence of the density of polynomials in the space of smooth functions on a bounded set and by Lemma 7, we can assume that u i (t, q) is a polynomial in q for every We claim that, if there exists > 0 such that F is surjective, then so is F for = 1. Indeed, is surjective for every > 0 since it is equal to the mapF defined in (13) up to rescalings of the time dependence of the controls u i . For small > 0, we see that F is a small perturbation ofF . Thus, Lemma 7 can be applied and F 1 is surjective. Finally, for any control u(t, q) that is piecewise constant in t and polynomial in q, we can write u(t, q) = 
